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WEIL-PETERSSON VOLUMES OF MODULI SPACES
OF CURVES AND THE GENUS EXPANSION
IN TWO DIMENSIONAL GRAVITY
PETER ZOGRAF
Abstract. A formula for the generating function of the Weil-Petersson vol-
umes of moduli spaces of pointed curves that is identical to the genus expansion
of the free energy in two dimensional gravity is obtained. The contribution of
arbitrary genus is expressed in terms of the Bessel function J0.
The aim of this note is to prove a rather explicit formula for the generating
function of the Weil-Petersson volumes of the moduli spaces Mg,n of smooth n-
pointed curves of genus g that was conjectured in [12]. E. Getzler noticed that
the conecture in [12] is identical to the formulas in [5], Sect. 5, and [2], Sect. 3
and Appendix D, for the genus expansion of the free energy in Witten’s two
dimensional gravity [4]. C. Faber numerically checked this conjecture for the
moduli spaces M3,n with n ≤ 12 [3]. All that evidence convinced the author that
the conjecture must actually be true not only for the Weil-Petersson volumes (see
Theorem 1 below), but also for their higher analogues in the sense of [7] (i.e.,
intesection numbers of Mumford’s tautological classes κ1, ..., κ3g−3+n on Mg,n).
We start by introducing the necessary notation. It is well known that the Ka¨hler
form ωWP of the Weil-Petersson metric onMg,n extends as a closed current to the
Deligne-Mumford compactification Mg,n and represents a real cohomology class
[ωWP ] ∈ H2(Mg,n,R) which coincides (up to a factor of pi2) with Mumford’s first
tautological class κ1 on Mg,n [9, 10]. It means that the Weil-Petersson volume of
the moduli space Mg,n is finite and is given by
V olWP (Mg,n) = pi2(3g−3+n) 〈κ
3g−3+n
1 〉
n!(3g − 3 + n)! .
(For the definition of intersection numbers 〈κd11 κd22 ...〉 we refer to [8].)
Notation 1. Fix g ≥ 0. The generating function for the Weil-Petersson volumes
of moduli spaces Mg,n is the series
φg(x) =
∞∑
n=0
Vg,n
n! (3g − 3 + n)! x
n,
where Vg,n = 〈κ3g−3+n1 〉 (we assume that V0,0 = V0,1 = V0,2 = V1,0 = 0 and
V0,3 = 1).
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The function φ0(x) is completely characterized by the property that y(x) =
φ′′0(x) is inverse to the Bessel function x(y) = −
√
yJ ′0(2
√
y) [7]. Now, following
[5] (cf. also [2], Eq. (2.28)), we introduce a sequence of functions f1, f2, ..., where
f1(x) = 1− 1
y′(x)
, f2(x) =
y′′(x)
y′(x)3
, fi(x) =
f ′i−1(x)
y′(x)
, i = 3, 4, .... (1)
Theorem 1. For the generating function φg with g ≥ 2 we have
φg =
∑
|l|=3g−3
〈τ l22 τ l33 ...τ l3g−23g−2 〉 y′2(g−1)+‖l‖
3g−2∏
i=2
f lii
li!
, (2)
where l = (l2, l3, ..., l3g−2) is a multi-index with li ≥ 0,
|l| =
3g−2∑
i=2
(i− 1) li, ‖l‖ =
3g−2∑
i=2
li,
and the intersection numbers 〈τ l22 τ l33 ...τ l3g−23g−2 〉 are defined in [8].
Remark 1. Formula (2) is identical to formula (5.27) in [5] that expresses the genus
g contribution Fg(t0, t1, ...) to the free energy in terms of the function u0 =
∂2
∂t20
F0.
In our setting, y(x) plays the role of u0(t0, t1, ...). Moreover, as it was noticed by
B. Dubrovin [1],
y(x) = u0(t0, t1, ...)
∣∣∣∣∣ t0=x, t1=0, tk= (−1)k(k−1)! (k=2,3,...)
and, therefore,
φg(x) = Fg(t0, t1, ...)
∣∣∣∣∣ t0=x, t1=0, tk= (−1)k(k−1)! (k=2,3,...) .
The following observation, which we owe to B. Dubrovin (see the remark above),
will be useful in proving the theorem:
Lemma 1. The functions fi defined by relation (1) satisfy the functional equa-
tions
fi(x) =
∞∑
k=0
(−1)i+k
(i+ k − 1)!
y(x)k
k!
, (3)
where y(x) = φ′′0(x). In particular, for i ≥ 2
fi(0) =
(−1)i
(i− 1)! .
Proof of Lemma. According to [7] we have
x = −
√
y(x)J ′0
(
2
√
y(x)
)
=
∞∑
k=1
(−1)k−1
(k − 1)!
y(x)k
k!
,
or, equivalently,
y(x)− x =
∞∑
k=2
(−1)k
(k − 1)!
y(x)k
k!
.
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Applying the differential operator
(
1
y′(x)
d
dx
)n
to both sides of the last equality we
get the statement of the lemma.
Proof of Theorem. E. Witten observed in [8] that κ-intersection numbers on
moduli spaces of stable curves can be expressed in terms of τ -intersection numbers
and vise versa. An explicit formula was derived in [7], Corollary 2.3. In our
notation, adapted for the Weil-Petersson volume of the moduli space Mg,n, it
reads
〈κ3g−3+n1 〉
(3g − 3 + n)! =
∑
|l|=3g−3+n
〈τn0 τ l22 τ l33 ...τ l3g−2+n3g−2+n〉
(−1)g−1+n+‖l‖∏3g−2+n
i=2 li! ((i− 1)!)li
, (4)
where, as above, l = (l2, l3, ..., l3g−2+n), li ≥ 0, ‖l‖ = l2 + l3 + ... + l3g−2+n and
|l| = l2 + 2l3 + ...+ (3g − 3 + n)l3g−2+n.
Now denote by Φg the right hand side of equation (2). In view of the above
lemma and formula (4), it suffices to show that for its n-th derivative we have
Φ(n)g =
∑
|l|=3g−3+n
〈τn0 τ l22 τ l33 ...τ l3g−2+n3g−2+n〉 y′2(g−1)+n+‖l‖
3g−2+n∏
i=2
f lii
li!
. (5)
We will do that by induction in n. The base case n = 0 being obvious, let us
derive equation (5) for Φ(n)g assuming that it holds for Φ
(n−1)
g . Because of the
definition of the functions fi, all we have to do is to check that
〈τn0
3g−2+n∏
i=2
τ lii 〉 = l2 (2(g − 1) + (n− 1) + (‖l‖ − 1)) 〈τn−10
3g−2+n∏
i=2
τ
li−δi,2
i 〉
+
3g−2+n∑
j=3
lj〈τn−10
3g−2+n∏
i=2
τ
li−δi,j+δi,j−1
i 〉. (6)
Actually, formula (6) is an immediate consequence of the puncture and dilaton
equations (see [8], Eqs. (2.41) and (2.45)), which in our case are, respectively,
〈τn0
3g−2+n∏
i=2
τ lii 〉 =
3g−2+n∑
j=2
lj〈τn−10 τ δj,21
3g−2+n∏
i=2
τ
li−δi,j+δi,j−1
i 〉
and
〈τn−10 τ1
3g−2+n∏
i=2
τ
li−δi,2
i 〉 = (2(g − 1) + (n− 1) + (‖l‖ − 1)) 〈τn−10
3g−2+n∏
i=2
τ
li−δi,2
i 〉.
That completes the proof of the theorem.
Remark 2. For g = 2 the above theorem was proven in [12] by a different method
similar to that of [11], which is based on straightforward computations of inter-
sections on M2,n and does not use Witten’s theory of two dimensional gravity.
Remark 3. Theorem 1 implies that Weil-Petersson volumes behave asymptotically
for large n as
Vg,n
n! (3g − 3 + n)! ∼ C
n n−1+
5
2
(g−1), (7)
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with a constant C independent of g, as suggested by C. Itzykson [6]. For g = 0
this formula was proven in [7], and the constant C was expressed there in terms
of the first zero of the Bessel function J0.
Remark 4. In fact, the results of [7] combined with the present approach allow
to prove an analogue of Theorem 1 for the generating function of higher Weil-
Petersson volumes, or intersection numbers 〈κd11 κd22 ...〉. However, since the combi-
natorics becomes more involved and the notation more cumbersome, the detailed
exposition will appear elsewhere.
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